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1 Introduction

Flato et al. [5] developed a cohomology theory and a formal deformation theory for Poisson algebras (not
necessarily commutative). They showed that this cohomology controls those formal deformations such
that the associative multiplication and the Lie bracket are simultaneously deformed. We call this the
cohomology Flato-Gerstenhaber-Voronov (FGV)-Poisson cohomology, or simply Poisson cohomology.

An immediate question is whether the FGV-Poisson cohomology is exactly given by usual Yoneda-
extensions or derived functors. We introduce a complex xo(A) of free Poisson modules for a Poisson
algebra A, and show that the FGV-Poisson cohomology is exactly defined by the derived functor associated
with the complex, which gives an affirmative answer to the above question.

Theorem 1.1 (See Theorem 3.5).  Let A be a Poisson algebra and M be a Poisson module over A.
Then
HP" (A, M) = H"Homp (xe(4), M).

An interesting observation is that Kontsevich’s deformation quantization can be interpreted as a certain
formal deformation of Poisson algebras. As a consequence, we may give a necessary condition for the
existence of the deformation quantization by using the FGV-Poisson cohomology groups. To be precise, a
Poisson algebra has no quantization deformations whenever the second FGV-Poisson cohomology group
vanishes.
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Proposition 1.2 (See Proposition 4.6).  Let P = (A,-,{—,—}) be a nontrivial commutative Poisson
algebra. If HPQ(A) =0, then P has no deformation quantization.

A well-known result by Farkas and Letzter says that a prime noncommutative algebra admits only
standard Poisson structures (see [4, Theorem 1.2]). In some sense, this result will lead to a problem of lack
of (non-standard) noncommutative Poisson algebras, and for this reason more general Poisson structures
have been introduced and studied (see [15,17]). While in the study of the deformation quantization, it will
have an unexpected application. It guarantees the existence of the (generalized) deformation quantization
under the certain condition.

Theorem 1.3 (See Theorem 4.4).  Let P = (A,-,{—,—}) be a commutative Poisson algebra.

(1) If P admits an n-deformation quantization for some n > 1, then P can be deformed to a standard
Poisson algebra.

(2) Assume further that each formal deformation (A[[t]],m:) of (A,-) has only standard Poisson struc-
tures. Then P has an n-deformation quantization for some positive integer n if and only if P has a
formal deformation.

In particular, as it is shown in Example 4.5, if a Poisson algebra is an integral domain as an associative
algebra, then it has a (generalized) deformation quantization if and only if it has nontrivial deformation.

Recall that for a commutative Poisson algebra, Lichnerowicz [11] has introduced a cohomology theory,
which we call the Lichnerowicz-Poisson cohomology (LP-cohomology for short). We would like to mention
that for commutative Poisson algebras, the FGV-Poisson cohomology is different from the LP-cohomology.
Roughly speaking, the FGV-Poisson cohomology controls the formal deformations which deform the
product and the Lie bracket simultaneously, while the LP-cohomology controls those ones which only
deform the Lie bracket. In Section 5, we compare the FGV-Poisson cohomology groups and the LP-
cohomology groups in lower degrees for commutative Poisson algebras.

The FGV-Poisson cohomology groups are quite nontrivial to calculate in general. However, we may
construct a long exact sequence, involving the FGV-Poisson cohomology groups, the Yoneda-extension
groups of certain quasi-Poisson modules and the Lie algebra cohomology groups (see Theorem 6.4).
This enables us to calculate the FGV-cohomology via the Lie algebra cohomology and the quasi-Poisson
cohomology, where the former has been well studied by many authors, and the latter was discussed in
our previous paper [1].

The rest of the paper is organized as follows. In Section 2, we recall some basics. In Section 3 we
construct a bicomplex of free Poisson modules for a Poisson algebra, whose total complex applies to
compute the FGV-Poisson cohomology groups. Section 4 explains how Kontsevich’s deformation quanti-
zation is related to the formal deformation of Poisson algebras, and some conditions of the existence of
the (generalized) deformation quantization are also provided there in the language of the FGV-Poisson
cohomology. In Section 5, we compare the FGV-Poisson cohomology with the LP-cohomology for com-
mutative Poisson algebras. In Section 6, we show a long exact sequence, and apply it to calculate the
FGV-Poisson cohomology groups by using the Lie algebra cohomology and the quasi-Poisson cohomology.
In the last section, we study the standard Poisson algebra of the 2 x 2 matrix algebra. We compute its
Poisson cohomology groups of lower degrees. Moreover, we show that in this case, any Poisson 2-cocycle
lifts to a formal deformation.

Throughout, k will be a field of characteristic zero, all the associative algebras over k have a multi-
plicative identity element, and all the unadorned Hom and ® will be Homy and ®y, respectively. For
simplicity, we denote by A* and A’ the tensor product and the j-th exterior power of the k-space A,
respectively.

2 Preliminaries

A triple (4, -, {—, —}) is called a Poisson algebra over k, if (A, ) is an associative k-algebra (not necessarily
commutative), (A, {—, —}) is a Lie algebra over k, and the Leibniz rule {ab, ¢} = a{b, ¢} +{a, c}b holds for
all a,b,c € A. A quasi-Poisson A-module M is both an A-A-bimodule and a Lie module over (A, {—, —})
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with the action given by {—, —}. : A x M — M, which satisfies

{a,bm}. = {a,b}m + b{a, m}.,
{a,mb}. = m{a,b} + {a,m}.b

for all a,b € A and m € M. In addition, if
{ab,m}. = a{b,m}. + {a,m},b

holds for all a,b € A and m € M, then M is called a Poisson A-module. Let M and N be (quasi-)Poisson
modules. A homomorphism of (quasi-)Poisson A-modules is a k-linear function f : M — N which is a
homomorphism of both A-A-bimodules and Lie modules.

The following convention is handy in calculation, and we refer to [18] for more details.

Denote by A°P the opposite algebra of the associative algebra A. To avoid confusion, we usually use
a to denote an element in A and a’ its corresponding element in A°P. Denote by A€ the enveloping
algebra A ® A°P of the associative algebra (A, -), and by U(A) the universal enveloping algebra of the Lie
algebra (A, {—, —}). It is well known that the category of A-A-bimodules is isomorphic to the A°-module
category and the category of Lie modules over (A4, {—,—}) is isomorphic to the U(A)-module category.
Note that U(A) is a cocommutative Hopf algebra with the comultiplication, the counit map, and the
antipode defined by

Ala)=a®14+1®a, ela)=0 and S(a)=—a

for all a € A. Then A€ is a U(A)-module algebra with the action given by

ala®b) =" ai(a) @ (az(b))

for a e U(A), a @Y € A, where

a(a) ={z1,{z2, ..., {zn,a} - }}

fora=21®12Q - @z, € U(A) and a € A.

Definition 2.1 (See [18]). Let A be a Poisson algebra. The smash product A°#U(A) is called the
quasi-Poisson enveloping algebra of A and denoted by Q. The Poisson enveloping algebra of A, denoted
by P, is defined as the quotient algebra Q/J, where J is the ideal of Q generated by

1a @1, #(ab) —a @ 1#b— 14 @V #a

for all a,b € A.

Theorem 2.2 (See [18]).  The category of quasi-Poisson modules over A is isomorphic to the category
of left Q-modules, and the category of Poisson modules over A is isomorphic to the category of left
P-modules.

Given a quasi-Poisson A-module M, one can define a Q-module M by setting (a ® b'#a)m = aa(m)b
for all m € M and a ® b'#a € Q. Conversely, given a left Q-module M, we set

am = (a®@14#1)m, ma=(la@d#1)m and {a,m}. = (14 ®1,#a)m

for all m € M,a € A and give a quasi-Poisson A-module structure on M, where 1 is the multiplicative
identity element of U(A). The correspondence of Poisson modules and P-modules is given similarly. For
simplicity, we write a @ b'#a + J as a ® b'#a as in P when no confusion can arise.

In [1], Bao and Ye considered the following bicomplex by taking the tensor product of the bar resolution
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of the A°-module A and the projective resolution of the trivial ¢/(A)-module k:

l

3

0 A*QUA) 22 A QUA) DA 2 AP QUA) R A2 ¢ -

H
LAWY

0 ABRUA) +22 BUA) Al « 2 Aoy

néfol m‘{ll néf,zl
( (

n}’,ol nﬁll n}fgl
(A (

0 A2QUA) 2 A2QUA) @A 2 A2xUY

! ! !

0 0 0

PNy S S——

AN

(2.1)

Tts total complex gives a free resolution of A as a Q-module. For any quasi-Poisson module M, after
applying the functor Homg(—, M) to the total complex, we obtain the quasi-Poisson complex with
coefficients in M, whose cohomology group is isomorphic to the extension group Extg (A, M), and is

called the quasi-Poisson cohomology group with coefficients in M (see [1, Section 3]).

3 The FGV-Poisson cohomology

3.1 A complex of Poisson modules

Let (A,-,{—,—}) be a Poisson algebra and P be the Poisson enveloping algebra of A. Set

P® /\j7 i=0, j=0,
Cij={P@AT N izl j>1,
0, otherwise.

Clearly, C; ; is a left P-module for any 7,5 > 0. We consider the following diagram:

! ! l

53, 5.

0 «—— PRA + 2 PRAQA «+—2 PRAQAZ +—— ...

5}{{ 5{{% l&}’ﬁ

5y 51"

0+ PRA2 + 2 PRA2QA +—2 PRA2QA2 «—— ..,

53{4 5(‘{,4 lag’J

H H
90,1 90,2

6H
P+ PRA «—— PeA? 2 PRAS  —— ...

l l l

where 527/3’ :Cip15 — Cij and 5ZHJ : Cy j+1 — C;; are P-homomorphisms given by
51",/j((1A RUH#L) ®ap @ - @ ajp1 ® o.)j_l)

= (71)2 ((ao & ]-14#1) ®a1 @ Raj4+1 & wjil
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%

Y (D) Ia @ U #) ®ag @+ @ aptppr ® - ® 4 @w! !
k=0

+(-D)'(1®a #1)®a® - ®a; ®wj_1)

fori>1, 520,

58/71'((114 R #1) ®ap ® a1 ® wjfl)
= (ap ® 14 #1) ® (a1 /\wj—l) — (14 ® U, #1) ® (agay /\wj—l)
(LA ® aj#1) ® (ag Aw ™)

for j > 1, wi~t € A1, and
5 (La@ W #1) @0 @ (wo A+ Awj_1))
j—1
=3 (1)F(La @ Uy ftn) @ 071 @ (w0 AT A1)
k=0
Y el @0 @ (apah Aso ATy Ty Ay)
0<p<g<j—1

forany i > 1,5 > 1, Tt ¢ AL,
8o (La @ Uy #1) @ (o A -+ A )

J
= Z(fl)k(lfl ® 1{4#5&@) ® (370 Ao T A -Tj)
=0

+ (1a @ Lu#1) ® ({zp,wg} Ao A- o T+ Tg - N ay)

0<p<g<y
for any j > 0.

Proposition 3.1.  The diagram Co o = (Ciyj,éfj,éxj) is a bicomplex of free P-modules, whose total
complez is denoted by xe(A).

Proof.  Observe that P is a quotient algebra of Q and hence can be viewed as a Q-module. By applying
the functor P®g— the bicomplex (2.1) and the natural isomorphism of left P-modules PRoQ ® (A°
®@N) =P ® A" ® A, we obtain the following bicomplex of Poisson modules:

0<—P®A3<ﬂP®A3®/\1<773‘7’177®A3®A2<7...

W{ol nzv.ll nzv,zi
_H _H

I~ PR A2 <P A2 N <2 PR A2 @A~ - .

| |
7ol vl \
y v

5. n

(3.1)

Al <
~

Y

A® A
I I

I I

\i A
® Al — P
0 0
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where ﬁx ; and 771H] are induced by idp ® 17;/ ; and idp ®nfj, respectively. Erasing all of dashed arrows, we
obtain the diagram C, ., and 6(‘)/:]4 = (pjflﬁ}/,j—lv 629 = ﬁi‘{i-l,j—l (¢ > 1), and 5& = 0,5 (5ZH] = 775-1,3'—1
(i 2 1), where

0i(la®1#1)®a®w!) = (14 ® 1 #1) @ (a Aw?).

It is easily seen that (5{{17]'(5{{17]-“ =0, (52362117]» = 0, 61‘,/1'55%171‘ + 6fjt5xj+1 = 0 for all ¢ > 1, and

(5&5}%— = @j_lﬁ}/:j_lﬁ{j_l = 0. It remains to check 5(‘)/’]-6{173 + (5525&-“ =0 for all j > 1. We only show

the case where j = 1, and that the general cases can be proved similarly. By definition, we have

(0010 (1A @ 1#1) © a® b® )
=001((1a ® Us#2) ® a®Db)
=001[(1a ® Uy #2)(1a @ 1y #1 ® a® b)
— 1A 14 #1@{2,a} @b — 14 R 14 #1 ® a® {z,b}]
= (4@ U #)[a@Ia#1@b— 14 @ 1y#1@ab+ 14 @ V#1 @ d]
—{z2,a} U #1 @b+ 14 @ U #1 @ {z,a}b— 14 @ b'#1 @ {x,a}
—a 1V #1@ {2, b} + 14 V) #1 @ a{x,b} — 14 @ {2, b} #1 R a
=(ax#2)@b— (1la@ 1 #2)@ab+ (la @b #2)@a+ (14 @ 1,#1) @ {x,a}b
—(la@V#1) @ {x,a} + (14 @ 14 #1) @ a{z,b} — (14 @ {z,b}'#1) ®a
=—0h (a1 #1)@bAz— (1a@ 14#1)@ab Az + (14 @V#1) @ aAx)
= —(6§11002)1a @ U #1®a®b® ),

which completes the proof. O

Let M be a Poisson module over A. Applying the functor Homp(—, M) to the bicomplex Cq o in
Proposition 3.1, one can get a bicomplex PC**(A; M).

3.2 FGV-Poisson cohomology groups

Let M be a Poisson module over A. Recall that the n-th FGV-Poisson cohomology groups of A with
coefficients in M in [5], denoted by HP"(A, M), is defined as the n-th cohomology group of the total
complex of the following bicomplex C'**(A; M):

I I

0 — Hom(A3, M) —2% Hom(A3 @ AL, M) —22— Hom(A3® A2, M) — -
Sy ov Sy

0 — Hom(A2, M) —2— Hom(A2 @ AL, M) —2— Hom(A2 @ A2, M) — -,
I 3y O

M —2 Hom(A', M) —2—  Hom(A%,M) —2—  Hom(A3,M) ——s -

0 0 0

where ¢, is the Chevalley-Eilenberg differential, dy, is the Hochschild differential, and §, is the compo-
sition of the natural homomorphism Hom(A?, M) < Hom(A ® AY~1, M) and the Hochschild differential
Hom(A ® AP, M) — Hom(A? @ AY~1, M), and d5 : Hom(A? ® AV71, M) — Hom(A? @ AV, M) is given
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by

((5Hf)(a1®~-~®ai®(x1/\---/\xj))

(_1)l+1 <{1.l,f(a1 R Qa; R (551 ANeeeZyee- /\xj))}*

=1

—Zf(al®~'®{xz,at}®"'®ai®(m1/\~~-il'--/\rﬂj))>
t=1
Y D@ © 0 (@ e Am Ay Ay)),

1<p<q<y

Remark 3.2. Note that the differential 6 is essentially a Lie algebra differential. In fact, Hom(A®
® A, M) = Hom(A7, Hom(A?, M)) and Hom(A?, M) is a Lie module over A with the action given by

{o.fh@me - oa)={z,fme 0wl - flao {zau} 2w

for any f € Hom(A% M) and any a; ® --- ® a; € A’
The total complex of C**(A; M) is of the form

0 1 2 . .
0— M %5 Hom(A, M) 5 Hom(A2 & A2, M) 5 Hom( P 4w /\J,M)

i+j=3

i#1
—>---—>H0m(@Ai®/\j7M)£>Hom( @ Ai(X)/\j,M>—>---7
iti=n idi=nt1
i1 QA1

and we call it the FGV-Poisson complexr of A with coefficients in M. The FGV-Poisson complex with
coefficients in A is called the FGV-Poisson complex of A, and we simply denote HP"(A; A) by HP"(A)
and call it the n-th FGV-Poisson cohomology group of A.

Remark 3.3. The lower-dimensional FGV-Poisson cohomology groups have the following explicit in-
terpretation:

Clearly, HP*(A; M) = {m € M |{a,m}. = 0,Va € A}. In particular, HP’(A) is the center of the Lie
algebra A.

HP!(A; M) = PDer(A; M)/IPDer(A; M) is the outer Poisson derivations of A with coefficients in M,
where PDer(A; M) is the set of Poisson derivations and IPDer(A; M) = {{—,m}. | m € M} is the set of
inner ones. Recall that a linear map from A to M is called a Poisson derivation if it is simultaneously a
derivation in the Lie algebra sense and in the associative sense.

For any f = (f1, fo) € Kerd?, we may define a new Poisson algebra A x; M, which is called the
extension of A by M along f. As a k-vector space, A x; M = A® M; and the associative multiplication
and the Lie bracket are given by

(a,2) - (a',2") = (ad’,ax’ + xd' + fi(a®d')),
(@ 2), (@2} = ({a,a'}, {2’} — a2} + fola A a)}.

We have the following standard result; compare also with the deformation theory.

Proposition 3.4.  For any f € Kerd?, A x¢ M is a Poisson algebra. Moreover, for any f,g € Kerd?
with f =g in HP? (A, M), there is an isomorphism of Poisson algebras A x s M ~ A x, M.

Applying the complex xo(A), we can interpret the FGV-Poisson cohomology of A by the derived
functor RHomp (xe(A), —).

Theorem 3.5. Let A be a Poisson algebra and M be a Poisson module over A. Then

HP"(A, M) = H"Homp (xe(4), M).
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Proof. By identifying Homp (P ® A* @ A/, M) with Hom(A? @ A7, M), we easily deduce that the bi-
complex PC'**(A; M) is isomorphic to C**(A; M). The rest of the proof is obvious. O

From now on, we identify the bicomplex
PC**(A; M) = Homp(Ce o, M)

with the bicomplex 5’”‘(A, M), called the FGV-Poisson bicomplex of A with coefficients in M, whose
total complex is just the FGV-Poisson complex.

The theorem says that the FGV-Poisson cohomology is essentially defined by derived functors. An
advantage is that the well-developed results and tools in the usual cohomology theory for algebras apply
for the FGV-Poisson cohomology theory as well. For example, we may obtain the following long exact
sequence of Poisson cohomology groups from a short exact sequence of Poisson modules, which is not so
obvious from the original definition given by Flato et al. [5].

Proposition 3.6. Let A be a Poisson algebra, and 0 — M — My — M3 — 0 be an exact sequence of
Poisson A-modules. Then we have a long exact sequence

0 — HP°(A, M;) — HP%(A, My) — HP?(A, M3) — HP' (A, M;) — - -
— HP™(A, M;) — HP" (A, My) — HP" (A, M3) — HP" "1 (A, M) — - -

of FGV-Poisson cohomology groups.

Proof.  Let P be the Poisson enveloping algebra of A. Then each Poisson module can be viewed as a
P-module, and the sequence 0 — M; — My — M3 — 0 gives a distinguished triangle in the derived
category D(P), where each M; is regarded as a stalk complex concentrated in degree 0. Applying the
cohomology functor Homp(p)(xe(A), —), we obtain the desired long exact sequence. O

4 Formal deformations and deformation quantization

In [5, Section 6], a deformation theory for Poisson algebras has been developed. It is worth pointing
out that, even for commutative Poisson algebras, the noncommutative version of the deformation theory
is quite useful. In fact, Kontsevich’s deformation quantization is explained as a special case of formal
deformations in the noncommutative sense, and by using the Poisson cohomology group we can give some
necessary condition for the existence of the deformation quantization.

4.1 Formal Poisson deformations

Let (A,-,{—,—}) be a Poisson algebra over k. Let k[[t]] and A[[t]] be the formal power series ring in one
variable ¢ with coefficients in k and A, respectively. A formal deformation of the Poisson algebra A means
a k[[t]]-Poisson algebra (A[[t]], ms,1;) such that (A[[t]], m:) and (A[[t]],l;) are the formal deformations
of the associative algebra (A,-) and the Lie algebra (A, {—,—}), respectively. Clearly the associative
multiplication m; and the Lie bracket l; are determined by their restrictions to the subset A. We may
write

m¢(a,b) = mo(a,b) + tmq(a,b) + tzmg(a, b))+,
lt(a'a b) = ZO(aa b) + tll(a'a b) + t2l2(a'a b) +e

for any a,b € A, where m;,l;: A x A — A are k-bilinear maps. By definition, mg(a,b) = ab and
lo(a,b) = {a,b}.

As we expected, the FGV-Poisson cohomology controls the deformation of Poisson algebra, which
essentially goes to Flato et al. [5, Section 6]. In fact, the associativity, the Leibniz rule and the Jacobi
identity read as

Z (mp(mq (a7 b)a C) —Myp (av mq(ba C))) = ampy, (ba C) - mn(ab7 C) + mn(av bC) - my (CL, b)C, (Dn_l)

ptg=n
p,q>0
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Z (lq(mp(a,b), ) — mp(a,lq(b, c)) — mp(lg(a, c), b))

= al,(b,c) — I, (ab,c) + Iy (a, )b+ {c,my(a,b)} — my(a,{c,a}) — mn({c, a},b), (D,-2)
Z [lq(lp(a, D), c) + l4(lp(D, ), a) + Ig(lp(c, a),b)]

=ln(a,{b,c}) + (b, {c,a}) + ln(c,{a,b}) — {ln(a,b),c} — {l.(b,c),a} — {l.(c,a),b} (Dy-3)

for all a,b,c € Aand n > 1. (D,-1), (D,-2) and (D,,-3) are called the deformation equations for Poisson
algebras.

By definition, mg(a,b) = ab and ly(a,b) = {a,b}. The pair (mq,l1) is called an infinitesimal deforma-
tion of A, which gives a Poisson structure on the quotient space A[[t]]/(?).

We set F!,F/ F!": A3 — A to be the functions given by the left-hand sides of the deformation
equations (D,-1), (D,-2) and (D,-3), respectively.

Similar to the associative algebra case, deformations of Poisson algebras will meet some obstructions
in the FGV-Poisson cohomology, which are all deducible from the deformation equations. By a routine

check, we have the following result.
Theorem 4.1 (See [5, Section 6]).  Let (A,-,{—,—}) be a Poisson algebra and HP"(A) be the n-th
FGV-Poisson cohomology group of A.

(i) The pair (m1,11) is an infinitesimal deformation of A if and only if (m1,l1) is a 2-cocycle in the
Poisson complex of A. In particular, if HP2(A) =0, then A has no nontrivial formal deformation.

(ii) For each n > 2, if (D;-1), (D;-2) and (D;-3) hold for i = 1,...,n — 1, then (E},F),F)") is a
3-cocycle, and hence HP?(A) is the “obstruction cocycle”. In particular, if HP*(A) = 0, then all the
obstructions vanish.

4.2 Deformation quantization

In this subsection, we always assume that k is an algebraically closed field and A is a commutative asso-
ciative algebra. We will explain in the sequel how to understand Kontsevich’s deformation quantization
as a special case of the formal deformation of Poisson algebras.

We first recall the definition of the deformation quantization. For this, we need the following observa-
tion.

Proposition 4.2. Let A be a commutative algebra over k and (A[[t]], m:) be a formal deformation
of A. If for some positive integer n, m;(a,b) = m;(b,a) for any a,b € A and any 0 < i < n — 1, then
{a,b} = my(a,b) — my,(b,a) gives a Poisson structure on A.

Proof. By assumption, [A, A]; C t"A[[t]], and thus we may consider a standard Poisson structure

Iy = &=[—,—]: on A[[t]], where [—,—]; is the commutator of m;. The bracket I/, can be expressed as

li(a,b) =3 ;50 li(a, b)t' with each
li(a,b) = mpii(a,b) — mpii(b, a)
for any a,b € A. By comparing the constant terms of two sides of the following equations:
le(a,b) +1,(b,a) =0,
c)

l(le(a,b), ¢) + Le(le(b, ¢), a) + 1 (l(c, a),b) = 0,

le(mi(a,b), c) = my(a,li(b, ¢)) + me(li(a,b), c),
we get

lo(a,b) +lp(b,a) =0,

lo(lo (a, b), C) + lo(lo(b, C), Cl) + lo(lo (C, a), b) = 0,
lo(ab, c) = aly(b, c) + lp(a,b)e,
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and hence [y gives a Poisson structure on A. O

Definition 4.3. Let P = (A,-,{—,—}) be a Poisson algebra, which is commutative as an associative
algebra. If there is a formal deformation (A[[t]], m;) of A as an associative algebra and a positive integer n,
such that m;(a,b) = m;(b,a) fori=1,...,n —1 and

{a,b} = my,(a,b) — m,(b,a)

for all a,b € A, then we say that (A[[t]], m:) is an n-deformation quantization of P.

By definition, a 1-deformation quantization (A[[t]],m:) is exactly a deformation quantization of P in
the sense of Kontsevich [10]. In this case, P is said to be the classical limit of m; (see [3, Definition 8.4]).
For more details, we refer to [3,10,16].

Theorem 4.4. Let P = (A, -, {—,—}) be a commutative Poisson algebra.

(1) If P admits an n-deformation quantization for some n > 1, then P can be deformed to a standard
Poisson algebra.

(2) Assume further that each formal deformation (A[[t]],m:) of (A,-) has only standard Poisson struc-
tures. Then P has an n-deformation quantization for some positive integer n if and only if P has a
formal deformation.

Proof. (1) Suppose that the Poisson algebra (A, -, {—, —}) has an n-deformation quantization (A[[t]], m)
satisfying m;(a,b) = m;(b,a) for any a,b € A and i =0,1,...,n — 1. By definition, we have

{a,b} = my(a,b) —my,(b,a)

for all a,b € A. We consider the standard Poisson algebra (A[[t]], ms, ;) with
1
lt(aa b) = tin(mt(av b) - mt(bv CL))

Since ab = my(a, b) and {a, b} = my,(a,b)—m, (b, a) = ly(a,b), the standard Poisson algebra (A[[t]], m, l:)
is just the formal deformation of (A4, -, {—,—}).

(2) By (1), we only need to prove the part of “if”. Suppose that (4, -, {—, —}) has a formal deformation
(A[[¢t]], ms, l), where

my(a,b) =Y mi(a,b)t' and l(a,b) = li(a,b)t".
1=0 1=0

Since (A[[t]], m:+) has only standard Poisson structures, there exists some A(t), p(t) € k[[¢]] such that

_u()
li(a,b) = m(mt(a,b) —my(b,a)).

Without loss of generality, we assume that A(t) = ¢" for some n > 1, and
u(t) = po + pat+ -+ + pit' + -+ € K[[t]]

with p; € k,7 > 0 and pg # 0.
By comparing the both sides of the above expression of I;(a,b), we obtain that m;(a,b) = m;(b,a) for
i=0,1,...,n—1 and
{a,b} = lo(a,b) = po(mn(a,b) — mu(b, a)).
Observe that for any v € k, the family of lk—lzilinear maps m/(a,b) = vim;(a,b) (i > 0) forms a formal

deformation of A. So we can choose v = pg since k is algebraically closed. It follows that {a,b} =
m) (a,b) —m! (b,a) for any a,b € A and therefore A has an n-deformation quantization. O

Example 4.5. Let A be a Poisson algebra which is an integral domain as an algebra. Then A has an
n-deformation quantization for some positive integer n if and only if A has a formal deformation. In fact,
any formal deformation (A[[t]], m:) of an integral domain A is prime, and hence has only standard Poisson
structures by a result of Farkas and Letzter (see [4, Theorem 1.2] for more details). Then Theorem 4.4
does work.
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By Theorem 4.4(1), we can give a necessary condition of the existence of the deformation quantization
of a Poisson algebra.

Proposition 4.6.  Let P = (A, -, {—, —}) be a nontrivial commutative Poisson algebra. If HP?(A) =0,
then P has no deformation quantization.

Proof.  Assume that (A[[t]], m) is a deformation quantization of P. By Theorem 4.4(1), (A[[¢]], m, l:)
is a formal deformation of (A4, -, {—, —}), where

(0, b) = %(mt(a, b) — ma(b, a))

for all a,b € A. Since HP?(A) = 0, by Theorem 4.1(i), the formal deformation (A[[t]], my, l;) is equivalent
to the trivial one, i.e., there exists an isomorphism

g: (A[[t]]a My, lt) - (A[[t]]’ mév lzlf)

of Poisson algebras over k[[t]] such that g(a) € a + tA[[t] for any a € A, where m;(a,b) = ab and
l;(a,b) = {a,b} for a,b € A. Therefore,

{a,b) = 1(a,b) = g(l(g~ (), g7 (1))
L malg™(0), 971 () — mulg™  (8), 9~ (@)

mi(a,8) — mi(b,a)) =+ (ab— ba) =0,

g
1
=

which leads to a contradiction. O

5 Comparing FGV-Poisson and LP cohomologies

Recall the definition of the Lichnerowicz-Poisson cohomology for a commutative Poisson algebra (see
[6,8,11,13,16] for detail). We set £(A) = 0 for any i < 0, £Y(4) = A and £'(A) = Der(A). For i > 2,
let £°(A) be the subspace of Hom(A®, A) consisting of all the skew-symmetric multiderivations of A. The
subcomplex (£°(A),d) of the Chevalley-Eilenberg complex (Hom(A®, A),d) is called the Lichnerowicz-
Poisson complex of A, or simply LP-complex, and its n-th cohomology group, denoted by H} p(A), is
called the n-th Lichnerowicz-Poisson (LP for short) cohomology group of A (see [13]).

Remark 5.1. Let A be a Poisson algebra. Then by definition we have
HPO(4) = HO ,(4), HP'(4) = H} ().
In fact, an easy calculation shows that the 0-th LP-cohomology HY ,(A) is the center of the Lie algebra A,

and H} ,(A) is exactly the set of Poisson derivations.

Moreover, by a direct calculation, we show that the LP-cohomology relates to the FGV-Poisson coho-
mology closely.

We simply denote the FGV-Poisson bicomplex PC**(A, A) by PC**. Considering the spectral se-
quence induced by the second filtration of the bicomplex PC*®*, we obtain a complex

0— A—H)(PC*') —» H)(PC*?) — ... — HY(PC*7) — HY(PC*IT!) — ... |

where
HY(PC*7) = {f € Hom(N, A) | 6,(f) = 0}

is the space of all the skew-symmetric n-fold derivations of A. On the spectral sequence given by the first
and second filtrations of a bicomplex, we refer to [2, Chapter XV, Section 6].
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Proposition 5.2.  Keep the above notations. We have
~J 07
1p(A) = By,
where E?I’;L is the (n,0)-term in the spectral sequence given by the second filtration of the FGV-Poisson

bicomplex.

Remark 5.3. We would like to mention that the FGV-Poisson cohomology controls the formal
deformations of a Poisson algebra (see Subsection 4.1), while the LP-cohomology controls those
deformations which only deform the Lie bracket.

To study the further relation between the FGV-Poisson cohomology and the LP-cohomology, we con-
sider the first filtration of the FGV-Poisson bicomplex, whose (n,0)-term is given by

¢H(A) = {f € Homy (4, A) | {z, f(y)} + {y, f(2)} — f{z,y}) = 0, for all 2,y € A},

¢"(A) = {f € Homy (A", A) | {z, f(a1,...,an)} = Zf(al, oo ma), . an)

for all xz,a; € A, i:l,...,n}

for n > 2.

The complex (* is a subcomplex of the Hochschild complex. We call (* the Hochschild-Poisson complex,
and its n-th cohomology H% p(A) the n-Hochschild-Poisson cohomology group.
Proposition 5.4. Let A be a commutative Poisson algebra over k, which is finitely generated and
smooth as an associative algebra. Then there is an isomorphism

HP?(A) = H% p(A) @ H2 p(A).

Proof.  Let o € Homy(A?, A) and 8 € Homy (A2, A) such that (a, 3) is an FGV-Poisson 2-cocycle. By
definition, « is a Hochschild 2-cocycle. Since A is finitely generated and smooth, by the Hochschild-
Kostant-Rosenberg (HKR) theorem we have HH?(A) = /\?4 Der(A) (see [7]). Without loss of generality,
we may assume that

a(f,g) = a(01(f)d2(g) — 01(9)d2(f))
for some a € A and d1, 02 € Der(A). By the definition of the FGV-Poisson cohomology, we have

fB(g:h) = B(fg,h) + B(f,h)g = a({h, [}, 9) + a(f, {h, g}) — {h, a(f,9)}

for any f,g,h € A. Note that for f and g, the left-hand side is symmetric and the right one is anti-
symmetric. It forces that both sides equal 0, which means that « is a Hochschild-Poisson 2-cocycle and 3
is a Lichnerowicz-Poisson 2-cocycle.

On the other hand, if («, ) is an FGV-Poisson 2-coboundary, then « is a Hochschild-Poisson 2-
coboundary and f is a Lichnerowicz-Poisson 2-coboundary. Then we obtain a well-defined linear map

U: HP2(A) - Hy p(A) @ HY p(4), (@ B) — (@ B).

Conversely, let a be a Hochschild-Poisson 2-cocycle and g be a Lichnerowicz-Poisson 2-cocycle. Clearly,
(a, B8) is an FGV-Poisson 2-cocycle. If moreover, o is a Hochschild-Poisson 2-coboundary, and S is a
Lichnerowicz-Poisson 2-coboundary, then there exist a Lie derivation ¢; and a derivation ¢s such that

alf,g9) = fei(g) — v1(fg) + ¢1(f)g,
B(f,9) = {p2(f), g} +{f,02(9)} — w2({f,9})-

It is easily seen that (o, 3) € Homy(A? @ A%, A) is an FGV-2-coboundary given by (1 + 2. Thus we
obtain a map

Hip(A) ® H] p(4) = HP*(4),  (@,B) = (o, f),

which is converse to ¥, and the desired isomorphism follows. O
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Example 5.5. Let A = k[x,y] be a polynomial algebra in two variables x and y with the Poisson
bracket given by {—, -} = ag0; A 0, for some ag € A, where 9, and 0, are the partial derivatives with
respect to the variables x and y, respectively. This bracket was the original Poisson bracket studied by
many people including Poisson [14] when k = R.

First by the HKR Theorem [7], HH?*(A) = A(d, A 8,). Then an easy calculation shows that the 2nd
Hochschild-Poisson cohomology group is k(d; A 0y). Applying the duality between the LP-cohomology
and the LP-homology (see [9, Equation (7.2)] or [12, Remark 3.6]), we know that the 2nd LP-cohomology
group vanishes. Therefore, by Proposition 5.4, we get HP?(A) = k.

Next, we consider the formal deformation and the deformation quantization of A. It is direct to show
that A has a deformation quantization (A[[t]], m;) with the star product m; given by

mlf.9) =Y malf0)" = Y S 0113} (o)

n=0 n=0

for all f,g € A C A[[t]]. Furthermore, A has a formal deformation (A[[t]], m;,{;) in the noncommutative
sense, where

o0 o0

Wf.g) = S (gt = Y s O ()0 ) — 02 (99 ()
n=0 n=0 ’
= < (mulf,9) (. )

for all f,g € A. Since A is integral domain, we know that (A[[t]], m:) is a prime algebra. By Example 4.4
and Proposition 4.3, this formal deformation exactly gives the above deformation quantization.

6 Connection with quasi-Poisson cohomology groups

In Section 3, we have introduced the complex xo4(A) for a Poisson algebra A and applied it to study the
Poisson cohomology. However, whether xo(A) is quasi-isomorphic to a stalk complex of some Poisson
module, is not known yet. We will make some discussion on this question.

Let Q be the quasi-Poisson enveloping algebra of (A, -, {—,—}) and Q%(A) be the second syzygy of A
as an A°-module. More precisely, 2%(A) is the quotient module of A*-module A* modulo the submodule
generated by

{a@b®@c@14—140ab®c®14+1Ra®@bc®14—1Ra®bRc|a,bce A}

Note that Q2(A) is also a quotient module of A* as a Q-module. Similar to the construction of the free
Q-resolution of A in [1], we consider the bar resolution of the A*-module Q?(A)

Sei -rr = AT 5 AT .. 5 A5 5 AT 50
o) , and the free resolution of k as a trivia -module (see |2, Chapter , Section 7
fQ2(A d the f 1 f k 1U(A dul Ch XIII, S
Ke: -+ = UA) N UA) QN = . S UA) @ AP — U(A) = 0.

By taking the total complex of the tensor product of S, and K,, we obtain a free resolution of the
Q-module Q?(A)

T,: = P A eubenN - P ATHouUd)anN - -
i+j=n i+j=n—1
S AAQUA) DA QUA) @ AN = AT QU(A) — 0.

On the other hand, we may apply the functor

&
U(A)
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to the resolution K,, and obtain a free resolution of the Q-module A?
T: .- 5 QA" - QA" ... 5 Q—0.

By the definition of the bicomplex C, o in Proposition 3.1, we immediately get a short exact sequence
of complexes
0> PRT, — xe(A) = PR T'[1]e — 0,
Q Q

where
T, =T, ,= P A™euUd)aN.
i+j=n—1

Thus we have the following long exact sequence, relating the homologies of the characteristic complex
with some torsion groups of quasi-Poisson modules.

Proposition 6.1.  Keep the above notations. Then there is a long exact sequence

o= Tor2(P, A%) = H,(xe(A)) — Tor2 (P, Q2%(A)) — Tor (P, A?%) — ---
— Tor2(P, A%) — Hy(xe(A)) = 0 = P ® A% = Hy(xe(A)) — 0.

Now we turn to the calculation of Poisson cohomology groups. Let QC*®(22%(A), M) be the complex
0 — Hom(A?, M) — Hom(A® @ A? ® A', M)

—>~--—>Hom( @ Ai+2®/\j,M>

i+j=n—1

%Hom(@Ai“@/\j,M)—w--,

i+j=n

which is obtained by applying the functor Homg(—, M) to the resolution T,. We deduce the following
easy result.

Lemma 6.2. Let M be a quasi-Poisson module over A. Then
Extg (Q%(A), M) 2 H*(QC*(*(A), M)), ¥Yn>0.

Using the projective resolution T7, we have the following lemma.

Lemma 6.3. Let M be a quasi-Poisson module. Then
Ext} (A%, M) = HL"(A, M),

where HL" (A, M) is the n-th Lie algebra cohomology of the Lie algebra (A,{—, —}) with coefficients in M.

Proof.  Here, we use the fact that A2 is a free A°-module. In fact, applying the isomorphisms
Homg (A2 @ U(A) ® A", M) = Hom (A", M),
we know that Homg(TY, M) is isomorphic to the Chevalley-Eilenberg complex
CE®:0— M — Hom(AY, M) — Hom(A%, M) — -+ — Hom(A", M) — -+,

and the desired isomorphism follows. O

Let PC*(A, M) denote the Poisson complex of A with coefficients in M. Clearly we have a short exact
sequence of complexes

0 — QC*(Q*(A), M)[-2] — PC*(A,M) — CE®* — 0,

and combining Lemmas 6.2 and 6.3, we obtain the following long exact sequence.
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Theorem 6.4. Let A be a Poisson algebra and M be a Poisson module over A. Then there exists a
long exact sequence
0 — HP(A, M) — HL°(A, M) — 0 — HP*(A, M) — HL'(A, M)
— Homg(Q%(A), M) — HP?(A, M) — HL*(A, M) — --- — Ext}, *(Q*(A), M)
— HP™(A, M) — HL"(A, M) — Ext} " (Q*(A), M) — -+ . (6.1)

We recall a useful spectral sequence introduced in our previous work [1].

Proposition 6.5 (See [1, Lemma 5.2]).  Let M and N be modules over Q. Then we have a spectral
sequence

Eth{(A)

In conclusion, the above results provide us a way to read the information of the Poisson cohomology

(k, Ext?. (M, N)) = Ext} (M, N).

from the Lie algebra cohomology and the quasi-Poisson cohomology.

Example 6.6. Let A be the k-algebra of upper triangular 2 x 2 matrices. This algebra is known to
be the path algebra of the quiver of Ay type.

Consider the standard Poisson algebra. Clearly, A is a hereditary algebra as an associative algebra
and hence HH"(A) = 0 for all n > 1. By a direct computation, we have

HL°(A) =k, HL'(A)=k? HL*4) =k,
and HL"(A) = 0 for all n > 3, where HL!(A) = Extzi,,(A)(k, A) for each .
Applying the above spectral sequence and by some direct calculations, we know that
Homg(2%(A), A) =k®,  Exto(Q*(A),4) =k°, Extj(Q%(A),4) =k,
and Extg (Q?(A), A) = 0 for all n > 3. Now it follows from Theorem 6.4 that
HP’(A) =k, HP'(A) =0, HP?*(4)=k, HP?(4)=Kk° HP*A) =Lk
and HP"(A) =0 for all n > 5.

7 A further example: M, (k)

Let A = My (k) be the standard Poisson algebra, where My (k) is the algebra of 2 x 2 matrices with entries
in k. Clearly, as a Lie algebra, A =k -1 ® sly(k), where k - 1 4 is an abelian Lie algebra of dimension 1
and sl (k) is the special linear Lie algebra with the standard basis

o) (o) ()

Consider the module sly(k) ® sla(k) over the Lie algebra sla(k). It is easy to show the following

decomposition as Lie modules:
slh(k) @ sla(k) = Vs @ V3 @ V7,
where V5, V3 and V; are simple modules of dimensions 5, 3 and 1, respectively. More precisely, V5 has a
k-basis
{e@eh@ete@h e f—h@h+fRe, f@f h® f+ fRh},
V3 has a k-basis
{h@we—e@h e f—f®eh®f—f®h}
and V7 has a k-basis
{2e@ f+h@h+2f®e},

where all the basis elements are given by weight vectors.

By some direct computations, we have the following well-known fact which will be useful in our later
calculation.
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Lemma 7.1.  Homy (s, 1)) (sla(k) ® sla(k), A) = k2. More precisely, for any
¢ € Homyy(s1, (1)) (52 (k) @ sla(k), A),

there exist unique A, u € k, such that

@‘Vs =0,

A
ph®e—e®h) = Me, tp(e@f—f@e)zgh’

fQh—hf)=A, ©2eQ@f+h@h+2f®e)=pula.

In fact, the image of ¢ on the basis of sly(k) ® slz(k) is shown in Table 1.
To compute the FGV-Poisson cohomology of A, we also need the following facts.

Lemma 7.2. Keep the above notations. Then
(1) Extyy(a)(k, A) = 0;
(2) Exctya)(k, A) = k;
(3) Homg(92(A), A) = k2.
Proof.  The proofs of (1) and (2) are just some routine calculations and are omitted here. We only

prove the part (3), which needs some technical argument.
By definition, Q%(A) = A*/I, where I is the submodule of the Q-module A* generated by

{a2b@c®la-10ab2cRls+10a®bc®1a-1Ra®b® c}.
Therefore, we know that
Homg(Q%(A), A) = {f € Homy(a)(A®, A) | f satisfies ()},
where () means the equation

af(b,c) — flab,c) + f(a,bc) — f(a,b)e =0, (*)

or equivalently, f is a 2-cocycle in the Hochschild complex.
Suppose that ¢ is a k-bilinear map satisfying () in Homy(4)(A?, A). Then we have ¢(14,14) € Z(A)
and hence p(14,14) = v1y4 for some v € k. The reason is that ¢ is a Lie module homomorphism, i.e.,

{a,0(1a ©14)} = p({a, 14 ®14}) =0

holds for all a € A. By applying (x), we therefore obtain that for all x € A, p(z®14) = p(la @) = va.
On the other hand, each Lie module can be viewed as a module over sl (k) and

HOIanl(A)(AQa A) = Homy(s1, k) (A%, A).

Now ¢ is determined by v and its restriction to sla(k) ® slz(k), and the latter one is uniquely given by
some A and p as shown in Lemma 7.1. By Table 1 and the equation (x), we show that g = 3\. Therefore,
@ is determined by v and A as shown in Table 2.

Conversely, any v, A € k uniquely give to an element @, » in Homy(a) (A%, A) which satisfies (), and
hence an element in Homg (92?(A), A). The proof is completed. O

Table 1 The image of ¢ on the basis of sla (k) ® sla (k)

e(-®-) e f h
e 0 %IA-‘,-%h —%e

A A
f %1A—zh 0 §f

A _2A I3
h 2¢ 2 3la
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Table 2 The image of ¢ on the k-basis of A ® A

w(—®-) 14 e f h
1a vlg ve vf vh
e ve 0 %IAJr%h 7%6
f vf 31la—3h 0 3f
h vh Se -2f A1y

Table 3 The image of m; on the basis of A ® A

m¢(—, —) 1a e f h
1a 1a e f h
e e 0 %(1—t)h+%(1—ts)21,4 —e —tse
—s(1—t)h+ (1 —ts)?14 0 f+tsf
h h e —tse —f—tsf (1 —ts)?

As a vector space, My(k) is of dimension 4, and hence there are many choices of the associative
multiplication on it, among which are two extreme cases. One is given by the matrix product, and the
other one is trivial. An interesting observation is that these two products are essentially the only cases
to make the general linear Lie algebra My (k) a Poisson algebra.

Corollary 7.3.  Let (May(k), o0, [—, —]) be a Poisson algebra, where (Ma(k), [—, —]) is the general linear
Lie algebra. Then as an associative algebra, (M (k),0) is either isomorphic to the matriz algebra, or to
the trivial one.

Proof.  For simplicity, we set P = My(k) and m(a,b) = aob for a,b € P. The Leibniz rule implies
that m is a homomorphism of Lie modules from P? to P. From the proof of Lemma 7.2(4) and Table 1,
we know 4p = 3\% since m(a, m(b,c)) = m(m(a,b),c). When X = 0, the associative algebra (Mz(k), o) is
the trivial associative algebra; when A # 0, it is isomorphic to the matrix algebra. O

By applying the long exact sequence in Theorem 6.4 and Lemma 7.2, the Poisson cohomology groups
of A of lower degrees are calculated as follows.

Proposition 7.4.  Keep the above notations. Then

(1) HP?(A) = k;

(2) HP'(A4) = 0;

(3) HP?(A) = k.

More precisely, (®o,2,0) gives a basis of HP?(A). In fact, by construction as in Table 2, ®y o is a Lie
module homomorphism and satisfies the condition (*), which implies that (®¢2,0) € Hom(A4% @ A2, A) is
a Poisson 2-cocycle of A, and its corresponding cohomology class (g9, 0) gives an element in HP?(A).

For given s € k, we may define a k[[¢]]-Poisson algebra structure on A[[t]] by setting I; = 0 for all ¢ > 0,
and m; to be given as in Table 3.

It is direct to show that (A[[t]],m¢, ;) is a formal Poisson deformation of A “lifting” the Poisson 2-
cocycle s(®g2,0) = (Pg.25,0), ie., (m1,l1) = (Pg,25,0). Moreover, for any Poisson 2-cocycle 7, there
exists some s € k such that 7 = (g 2s,0) in HP?(A), and a standard argument shows the existence of a
formal deformation (A[[t]],m}, ;) lifting n which is equivalent to (A[[t]], my, li).

Remark 7.5. It is worth mentioning that for the given Poisson 2-cocycle (¢ 25,0), we only give one
formal deformation. It is not known yet whether all the formal deformation liftings of the above Poisson
2-cocycle are equivalent.

By the long exact sequence (6.1) in Theorem 6.4 and some direct calculations, we obtain HP?(A) # 0.
Therefore, the above example also tells that it is still possible to have formal deformations even though
“obstructions” exist.
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